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SShetween — 2125 (X ; — X )7

wihere

- f_f denotes a group mean;

« X is the overall mean;

- 72; IS the sample size per group.

For our example, this results In

S Shetween — 10 (99.2 — 101.7)2 + 10 (112.6 — 101.7)%2 + 10 (93.3 — 101.7)%2 = 1956.2

Mext, for ez groups,

dfbetu;een — 1 — 1

5O A foctween = 3 - 1 = 2 for our example data.

55 —
MS-E-E‘#EJEER — betaw
d.fbﬁtﬂ!ﬁ&ﬂ
For our example, that'll be

1956.2 _ o781




Vive noww turn to the within-groups variance. First off,

S pithin — 3 (X; — X ;)2

wihhere

- X ; denotes a group mean;

« X. denotes an individual observation (‘“data point™).

For our example, this'll be

S5 pithinn — (90 — 99.2)2 4+ (87 —99.2)2 4+ . .. 4+ (96 — 923.3)2 — 42904.1

for 2 INndependaent cbhservations and 2 groups,

A fForithinn — TL — TTL

S0 for our example that'll be = 30 - 3 = 27

SSu-ithin
A orritboin

NT S it iz —



For our example, this results 1M

4204 1

— 1 59
2

Vive're mnow ready 1o calculate the F-statistic:

M"Sl.i.t.-ithf:n
wwihich results 1im
OTE.1L
— B .15
159
Fimally,
P —= P(F(2,27) = 6.15) — 0.0063

O ptionally,. the effect size -:12 s calculated as

S*Srbﬂtutem
S*Srbﬂtunﬂm —4 S‘Srurithiﬂ

Ff fect size 17 —



Probability

Certain

Probability is the likelihood
that the event will occur.

« Two Conditions:

» \Value Is between 0 and 1.

e Sum of the probabilities of
all events must be 1.

== Impossible



Random Variable

* A numerical description of the outcome of an
experiment

Throw a die twice: Count the number of times 4

comes up (0, 1, or 2 times)
HEN  HE




Discrete Random Variable

Discrete Random Variable:
* Obtained by Counting (0, 1, 2, 3, etc.)

« Usually finite by number of different
values

e.g.

Toss a coin 5 times. Count the number of
tails. (0, 1, 2, 3, 4, or 5 times)



Random Variable

* A numerical description of the outcome of an
experiment

* RV Given by Capital Letters X &Y
 Specific Values Given by lower case



Probability Distribution

Characterization of the possible
values that a RV may assume
along with the probability of
assuming these values.



Discrete
Probability Distribution

» List of all possible [ x;, p(x;) ] pairs
X, = value of random variable
P(x;) = probability associated with value

 Mutually exclusive (nothing in common)

* Collectively exhaustive (nothing left out)
0<p(x)=<1

X P(x)=1



Weekly Demand of a Slow-Moving Product

Probability Mass Function

Demand, x Probability, p(x)
0 0.1

0.2

1
2 0.4
3 0.3

4 or more 0



Weekly Demand of a Slow-Moving Product

A Cumulative Distribution Function:

Demand, X Cumulative Probabillity, P(x)
0.1

0.3

0.7
1




Sample Spaces

Collection of all Possible Outcomes

e.g. All 6 faces of a die: .---..

e.g. All 52 cards of a bridge deck:




Events

« Simple Event: Outcome from a Sample Space
with 1 Characteristic

e.g. ARed Card from a deck of cards.

« Joint Event: Involves 2 Outcomes
Simultaneously
e.g. An Ace whichis also a Red Card from a

deck of cards.



Visualizing Events

e Contingency Tables

Ace Not Ace Total
Black 2 24 26
Total 4 48 52




Simple Events

The Event of a Happy Face

There are 5 happy faces In this collection of 18 objects



Joint Events

The Event of a Happy Face AND Light Colored

A
g‘ VQA

r Y%

3 Happy Faces which are light in color




Special Events

Null event Null Event

Club & diamond on
1 card draw

Complement of event

For event A,
All events not In A:




Dependent or

Independent Events

The Event of a Happy Face GIVEN it is Light Colored
E = Happy Face| Light Color

3 Items 3 Happy Faces Given they are Light Colored



Contingency Table

A Deck of 52 Cards

Not an

Total
Ace Ace
Black 2 24 26
Total 4 48 > Gﬂ

N
Sample Space /




Tree Diagram

Event Possibilities




Computing Probability
* The Probability of an Event, E:

Number of Event Outcomes

JEE

Total Number of Possible Outcomes in the Sample Space

X

= = e.g. P(I g ) =236

(There are 2 ways to get one 6 and the other 4)

« Each of the Outcome In the Sample Space
equally likely to occur.



Two or More Random Variables

Frequency of applications during a given week

Number of Applications

|Nterest Rate Total
7.00% 15

7.50% 10
8% 5
Total 30




Two or More Random Variables

Joint Probability Distribution

Number of Applications
Interest Rate 5 6 ! 3
7.00% 0.100 0.133 0.200 0.067

7.50% 0.067 0.133 0.100 0.033
3.00% 0.100 0.033 0.033 0.000
Total 0.267 0.300 0.333 0.100




Two or More Random Variables

Joint Probability Distribution

Number of Applications
Interest Rate 5 6 ! 3
7.00% 0.100 0.133 0.200 0.067

7.50% 0.067 0.133 0.100 0.033
3.00% 0.100 0.033 0.033 0.000
Total 0.267 0.300 0.333 0.100

Marginal Probabilities



Computing
Joint Probability

The Probability of a Joint Event, A and B:

P(A and B)

Number of Event Outcomes from both A and B

~ Total Number of Possible Outcomes in Sample Space

e.g. P(Red Card and Ace)

2 Red Aces 1
52 Total Number of Cards 26




Joint Probability Using
Contingency Table

Event

Event B, B, Total
A, P(A)

P()

Total P(B1) \L P(Bz)/-

Joint Probability




Computing
Compound Probability
The Probability of a Compound Event, A or B:

Numer of Event Outcomes from Either A or B
Total Outcomes In the Sample Space

P(AorB)=

e.g.
P(Red Card or Ace)

_ 4 Aces + 26 Red Cards — 2Red Aces 28 7
52 Total Number of Cards 52 13




Compound Probability
Addition Rule

P( orB,)=P( )+P(B,)-P( andB,)

Event
Event B, B, Total

P( and B, P( andB,) P( )

A, P(A,and B,) P(A, and B,) P(A,)

Total P(B,) P(B,) 1

For Mutually Exclusive Events: P(A or B) =P(A) + P(B)



Computing
Conditional Probability

The Probability of given that Event B has
occurred:

P(.|B) =
e.g.

P( given that it is an Ace) =



Conditional Probability
Using Contingency Table

Conditional Event: Draw 1 Card. Note Kind & Color

Color
Type Black Total |Revised
“| Sample
Ace | 2 /4/ Space
Non-Ace | \25/ 48
Total 26 52
sAce | Red) = PACe ANDM 2/52 2

P(Red) 26 /52 26



Conditional Probability and
Statistical Independence

Conditional Probability:

P(Aand B)

P(A B) = 5 (B)

Multiplication Rule:

P(Aand B) = P(A B) ¢ P(B)
=P(B| A) * P(A)



Conditional Probability and
Statistical Independence (continued)

Events are Independent:
P(A| B) =P(A)

Or, P(B' A) = P(B)
Or, P(A and B) = P(A) * P(B)

Events A and B are Independent when the
probability of one event, A is not affected by
another event, B.



Discrete Probability
Distribution Example

Event: Toss 2 Coins. Count # Tauls.

Probability distribution

~_Values probability

\ 0 1/4 = .25
@ /' 1 2/4 = .50
/ 2 1/4 = .25



Discrete Random Variable
Summary Measures

Expected value (The mean)
Weighted average of the probability distribution

p = E(X) = 2X; p(X;)
In slow-moving product demand example,
the expected value is :

E(X)=0x01+1x2+2x.4+3 x.3=1.9

The average demand on the long runis 1.9



Discrete Random Variable
Summary Measures

Variance
Weighted average squared deviation about mean

Var[X] = o2 = E [ (x; - E(X) )3=Z (x, - E(X) )2p(x;)

For the Product demand example, the variance Is:
Var[X] =0? = (0—=1.9)%(.1) + (1 — 1.9)%(.2) +
(2-1.9%(.4) + (3-1.9%.3) = .89



Important Discrete Probability
Distribution Models

Discrete Probability

Distributions

Binomial

Poisson



Bernoulli Distribution

 Two possible mutually exclusive outcomes
with constant probabilities of occurrence

“Success” (x=1) or “failure” (x=0)

The probability mass function is
pxX)=p If x=1
P(x)=1-p 1f x=0

Where p Is the probability of success



Binomial Distribution

« ‘N’identical trials

Example: 15 tosses of a coin, 10 light
bulbs taken from a warehouse

2 mutually exclusive outcomes on each
trial

Example: Heads or tails in each toss of a
coin, defective or not defective light bulbs



Binomial Distributions

» Constant Probability for each Trial

« Example: Probability of getting a tail is the

same each time we toss the coin and each light

bulb has the same probability of being defective
2 Sampling Methods:

* Infinite Population Without Replacement
 Finite Population With Replacement

 Trials are Independent:

 The Outcome of One Trial Does Not Affect the
Outcome of Another



Binomial Probability Distribution Function

P = TP e-n

P(X) = probability that X successes given a knowledge of n
and p

X = number of ‘successes’ in
sample, (X=0,1, 2, ..., ) 0
probability of each ‘success’ 1 2/4 = 50
2 1/4 = .25

Tails in 2 Tosses of Coin

X P(X)
1/4 = .25

O
[




Binomial Distribution

Characteristics
Mean _6F’(><) Pp=0.1
p =E(X)=np .
eg. p=5(1)=5 0| | X

Standard Deviation

c = |np(-P)

A ENTB R

=1.118

O N DN O







Poisson Distribution
Function

X
P(X) = &~
X!
P(X ) = probability of X successes given

= expected (mean) number of ‘successes’
e = 2.71828 (base of natural logs)

X = number of ‘successes’ per unit

e.g. Find the probability of 4 4
customers arriving in 3 ()= €20 = 1012
minutes when the mean is 3.6 =




Poisson Distribution

Characteristics
Mean P(X) A=0.5
u=e(X)=2A .
:i X P(X) 0 B
P(X) A=0

Standard Deviation

oN DM O

c = VA




Continuous Probability Distributions

e Uniform
 Triangular
« Normal

 Exponential



The Uniform Distribution

» Equally Likely chances of
occurrences of RV values
between a maximum and a
minimum

 Mean = (b+a)/2
« Variance = (b-a)%/12

T(x)

1/(b-a) F

e ‘a’ 1Is a location parameter 1 b
* ‘b-a’ is a scale parameter

» N0 shape parameter



The Uniform Distribution

If x<a

If a<x <b

If b<x




The Triangular Distribution

T(x)

Symmetric




The Triangular Distribution

f(x) Skewed (+) to the Right




The Triangular Distribution

f(x) Skewed (-) to the Left




The Triangular Distribution

* Probability Distribution Function

otherwise




The Triangular Distribution

Distribution Function




The Triangular Distribution

 Parameters:Minimum a, maximum b, most likely c
« Symmetric or skewed In either direction

» a location parameter

* (b-a) scale parameter

* ¢ Shape parameter

* Mean = (at+b+c) / 3

e Variance = (a?+ b? + ¢ - ab- ac-bc)/18

 Used as rough approximation of other distributions



The Normal Distribution

* ‘Bell Shaped’

. Symmetrical f(X)
* Mean, Median and /\
Mode are Equal |~ @ N X
- “‘Middle Spread’ n
Mean
Equals 1.33 o Median
« Random Variable has Mode

Infinite Range






Many Normal Distributions

There are
an Infinite

Number
__— ;

Varying the Parameters ¢ and p, we obtain
Different Normal Distributions.




Normal Distribution:
Finding Probabilities

Probability is the
area under the
curve
C




Which Table?

Each distribution
has i1ts own table?

———

Infinitely Many Normal Distributions Means
Infinitely Many Tables to Look Up!



Solution (1): The Standardized
Normal Distribution

Standardized Normal Distribution
Table (Portion) u,=0 and o,=1

z o0 o S
..oooo .0040 .0080 \
..0793 0832 .0871

AN
.-0179 0217 0285 Probabilities

Only One Table is Needed

.0398 .0438 Mg




Solution (I1): The Cumulative
Standardized Normal Distribution

Cumulative Standardized Normal
Distribution Table (Portion)

. 5000 .5040 .5080

Shaded Area
Exaggerated

Only One Table is Needed

5398 .5438 WFiNg:

. 5793 .5832 .5871

AN
..5179 -521%255 Probabilities



Standardizing Example

_X—pu_6.2-5

Z =0.12
o 10
Normal Standardized
Distribution Normal Distribution
c =10

—




Example:
P(29<X<7.1)=.1664

_X—=u 29-5_

Z -.21
o 10

Normal ,_X-p _r1=-5_ 5
Distribution o 10

c =10 /_N

Shaded Area Exaggerated




Example: P(X>8)=.3821

z=X_”=8_5=30
o) 10
Normal
Distribution
c =10 /|
/-\ 5000
T L. 3821
=g
u=5 8 X 30 Z

Shaded Area Exaggerated



Finding Z Values
for Known Probabilities

What Is Z Given Standardized Normal
Probability =0.1217? Probability Table (Portion)

1217
.0080
.047/8
0871
Shaded Area 1179 1217 1255

Exaggerated



Exponential Distribution

* Models time between
customer arrivals to a £(x)
service system and the time

to faillure of machines
1.0

- Memoryless : the current
time has no effect on future
outcomes

* No shape or location
parameter

A IS the scale parameter



Density: f (x)=4e™, x>0

and
Distribution : F( )=1-e*, x>0




Sampling Distributions and Sampling Error

» How good Is the sample estimate ?
» Multiple samples — Each with a mean
« Sampling distribution of the means

e As the sample size increases — Variance decreases

Standard error of the mean =
AR

« Sampling Distribution of the mean ?
* For large n: Normal regardless of the population
« Central Limit Theorem



CLT

distribution of sample means approximates a
normal distribution as the sample size becomes
larger, assuming that all samples are identical In
size, and regardless of the population
distribution shape



CLT

Given a sufficiently large sample size from a
population with a finite level of variance, the
mean of all samples from the same population
will be approximately equal to the mean of the
population.

All samples will follow an approximate normal
distribution pattern, with all variances being
approximately equal to the variance of the
population, divided by each sample's size



